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ABSTRACT. In this paper the Cech cohomology of movable and n-mov-
able spaces is studied. Let X be a space and let ﬁk (X) denote the k-dimensional
Cech cohomology of X with integer coefficients based on the numerable covers
of X. Then if X is movable, there is a subgroup E of i:lk(X) which is the union
of all the algebraically compact subgroups of ;I"(X). Furthermore, Flk(X)/E is
an Ny-free abelian group. If X is an n-movable space, then it is shown that this
structure holds for ﬁk(X) for 0 € k < n and may be false fork 2 n + 1. If X
is an LC"1 paracompactum, then X is known to be n-movable. However, in
this case and in the case that X is an LC""~! compactum a stronger structure
theorem is proved for lvik(X) for 0 < k < n — 1 than that stated above. Using
these results examples are given of n-movable continua that are not shape equi-
valent to any LC"~1 paracompactum.

Introduction. In [1] Borsuk introduced the shape invariant notion of mov-
ability for compact metric spaces. In [13] Marde¥i¢ and Segal generalized the
notion of movability to arbitrary compact Hausdorff spaces. More recently,
Kozlowski and Segal [9] have generalized movability to general topological spaces
using a notion of shape which is equivalent to the one developed by Mardesié
[12]. In [2] Borsuk introduced the notion of n-movability for compact spaces.
Kozlowski and Segal generalized this notion to arbitrary compact Hausdorff
spaces [8] and then to arbitrary topological spaces [9]. One of the main results
of [9] is that an LC"~! paracompactum is n-movable. This is a significant gen-
eralization of earlier results about compact metric spaces that are LC"~! by
Borsuk [2], Marde¥i¢ [11], and Overton and Segal [15]. The notion of movabil-
ity and n-movability has played an important role in shape theory and the class
of movable spaces has been shown to have many useful properties.

It is the purpose of this paper to investigate the properties of the Cech
cohomology groups of spaces that are movable and n-movable. In an earlier
paper [4] the author has studied the properties of the Cech cohomology groups
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of compact Hausdorff spaces that are movable. In [4] it was shown that if X

is a movable compact Hausdorff space, then " (X)/Toril"(X) is an N, -free abel-
ian group for all n. In [6] it was shown that for a compact connected abelian
topological group 4, A is movable if and only if Jig (A) is an R, -free abelian
group. In [7] these results were used to answer several questions concerning
movable compact Hausdorff spaces. In [4] and [5] it was shown that if X is
any topological space, which is locally arcwise connected (i.e., LC?), then o x)
is an R, -free abelian group.

In this paper the results in [4] and [S] are generalized to arbitrary topolog-
ical spaces. The precise results are stated and proved in §§3 and 4 of this paper.
The algebraic and topological preliminaries which are needed for the statements
and proofs of the main theorems are introduced in §§1 and 2. The most impor-
tant concept introduced is that of an algebraically compact abelian group which
we give in §2. The definition of an algebraically compact abelian group would
probably not be much help to the reader who is not familiar with the concept.
Consequently, in §2 we not only define the notion but try to give some idea of
the structure of these groups as well. Of course, the reader would do well to
consult Fuch’s book [3, Chapter VII] where there is an excellent chapter on alge-
braically compact groups.

As an application of our results we give examples of n-movable and movable
metric continua which are not shape equivalent to any LC”~! continuum and
in fact not shape equivalent to any LC®~! paracompactum.

1. Topological preliminaries. In this section we introduce some of the
background material that is necessary to state and prove the main results in this
paper. Concepts and results from shape theory, algebraic topology, and the the-
ory of abelian groups will be used in this paper. Since many who might be inter-
ested in the results of this paper may not have the necessary background in one
or more of these areas we will try to give a fairly complete account of what is
needed in §§1 and 2. The main theorems and their proofs will then be given in
§83 and 4.

Let T denote the category of topological spaces and continuous maps. Let
H denote the homotopy category and let H: T — H be the homotopy functor.
Let S denote the shape category. The objects of S are all topological spaces as
in T and H. If X and Y are topological spaces, then a shape morphism F: X — Y
is described in the following manner. Let p:Y — P be a continuous map with
P any polyhedron. Then F assigns to the homotopy class of p, H(p), a homotopy
class of maps F(H(p)) from X to P. The only assumption made concerning this
assignment is that if p: Y — Pand q: Y — Q and r: @ — P with H(p) =
H(r)° H(q) where P and Q are polyhedra, then
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FH(p)) = H)° F(H(q))-

The shape functor S: T —> § is the identity on the objects of T onto the ob-
jects of S. If f: X — Y is a continuous function, then S(f) € Morg (X, Y) is
the function which assigns to each homotopy class H(p) : Y — P (where Pis a
polyhedron), the homotopy class of maps

S Hp)) = Hpof):X — P.
Clearly S(f) defined in this way is a shape morphism from X to Y. Clearly the
shape functor factors through the homotopy category.

The shape category S is described by Marde¥i¢ in [12]. An equivalent ap-
proach due to Kozlowski and Segal is given in [9]. If one’s attention is restricted
to the category of compact metric spaces, compact Hausdorff spaces, or the cate-
gory of metric spaces, then the shape category in these cases is the full subcate-
gory of S determined by the objects under consideration. The shape functor for
each of these categories is the restriction of S to the appropriate subcategory of S.

Let X be a topological space. Then X is said to be movable provided that
whenever p : X — P is continuous with P a polyhedron, there is a polyhedron Q
and maps ¢ : X — Q and s: @ — P such that

H(p) = H(s)° H(q)

and such that whenever R is a polyhedron with r: X — R and ¢: R — Q with
H(q) = H(t)o H(r), then there is a map u : Q — R such that

H() = H(r o t) o H(u).

This definition of movability agrees with the definition given by Kozlowski
and Segal [9] and is equivalent to the one given by Mardei¢ and Segal [13] for
compact Hausdorff spaces.

Let X be a topological space. Then X is said to be n-movable provided the
following holds: If p: X — P is a continuous map with P a polyhedron, then
there are a polyhedron Q and continuous maps ¢ : X — Q and s: Q — P with
H(p) = H(s) o H(q) such that whenever R is a polyhedron with r: X — R and
t :R — Q continuous maps with

H(r) = H(r) = H(q),
then there is a continuous map u: Q) — R (where Q™ is the n-skeleton of
Q) with
H(s © £) o H(u) = H(s10™).
The definition we have given for n-movability agrees with Borsuk’s notion of n-
movability for compact metric spaces given in [2] and with the n-movability of

[8] given for compact Hausdorff spaces. In [9] it is shown that movability and
n-movability are shape invariants.
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A space X is said to be locally k-connected provided that for each x € X
and neighborhood U of x, there is a neighborhood V of x contained in U such
that every map f: S¥ — V extends to a map F: B¥*! — U where S* = 3B*+!
is the k-sphere and B¥*! is the (k + 1)-ball. A space is said to be LC" provided
it is locally k-connected for all 0 < k <n. In [9] it is shown that any LC"~!
paracompactum is n-movable. This was proved for LC"~! compact metric spaces
by Borsuk in [2].

As in [9] we assume all paracompact spaces to be Hausdorff.

2. Algebraic preliminaries. Let X be a topological space. We let H"(X)
and H,(X) denote n-dimensional singular cohomology and homology of X with
integer coefficients. As noted earlier we let Iv{"(X) and iln(X) denote n-dimen-
sional Cech cohomology and homology with integer coefficients and based on
the numerable covers of X. One of the principal tools in this paper is the Uni-
versal Coefficient Theorem for singular cohomology. See [16, Theorem 3, p.
243] for a reference.

2.1. THEOREM. There is a functorial short exact sequence
0 — Ext(H,_,(X), Z) — H(X) — Hom(H(X), Z) — 0

and this sequence is split.

It is well known that this theorem is not true for Cech cohomology. This
will be clear from results and examples in this paper also. The Universal Coeffi-
cient Theorem for singular cohomology not only shows that H9(X) is determined
by H,_(X) and H,(X), but also indicates that & 9(X) must have a certain alge-
braic structure which we now proceed to point out.

2.2. DEFINITION. Let H be an abelian group. Then H is said to be alge-
braically compact provided there is an abelian group G such that H ® G is iso-
morphic to a compact Hausdorff topological group.

The algebraically compact abelian groups turn out to be precisely the class
of pure-injective abelian groups. They are also equivalent to the class of abelian
groups which are direct summands of direct products of cocyclic groups [3, The-
orem 38.1, p. 160]. The basic background concerning algebraically compact
abelian groups will be found in Chapter VII of Fuchs [3]. We will give most of
the background results in this section that will be needed in the later sections of
the paper.

It is known that every divisible group is algebraically compact. Thus every
algebraically compact abelian group H is isomorphic to D @ G where D is the
divisible subgroup of H and G is a reduced algebraically compact group. Further-
more, if H is any abelian group, then H is algebraically compact if and only if
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its reduced part is a reduced algebraically compact group. This reduces the study
of the structure of algebraically compact groups to the study of reduced algebra-
ically compact groups since the structure of divisible groups is well known.

What makes algebraically compact groups significant in this study is the
following result [3, N, p. 224].

2.3. THEOREM. If H is a torsion free abelian group and C is any abelian
group, then Ext (C, H) is algebraically compact.

We now analyze the structure of Hom (H,(X), Z) in the Universal Coeffi-
cient Theorem. First we define the significant concept.

2.4. DEFINITION. Let H be an abelian group. Then H is R, -free if every
subgroup G of H whose cardinality is countable is free abelian.

A famous theorem of Pontryagin states that a torsion free abelian group H
is N, -free if and only if every subgroup of finite rank is free [3, Theorem 19.1,
p. 93]. This implies that a torsion free abelian group H is R, -free if and only if
H has property L. (See [4] or [6] for the definition of property L. The notion
of property L is due to Pontryagin.)

Clearly any subgroup of a group which is R, -free is also ¥, -free. However,
for any abelian group H, Hom (H, Z) is a subgroup of a direct product of the in-
tegers Il,c;Z. By [3, Theorem 19.2, p. 94] any direct product of the integers
is 8, -free. Thus we have the following theorem which we state for reference.

2.5. THEOREM. For any abelian group H, Hom(H, Z) is R, -free.

Theorems 2.3 and 2.5 tell us quite a bit about the algebraic structure of
any group which is a singular cohomology group H = H9(X) for some space X.
If one first factors out the divisible subgroup D of H, then D must be a subgroup
of Ext(H,_(X), Z). This is because Hom(#,(X), Z) in the Universal Coefficient
Theorem is ¥, -free and contains only the trivial divisible subgroup. Thus we have

Ext(H,_,(X),Z)~D® G

where G is some reduced algebraically compact subgroup of H. Thus H is iso-
morphic to D @ G © K where D is a divisible group, G is a reduced algebraically
compact group and X is an R, -free group.

We will now show that every algebraically compact subgroup 4 of H is con-
tainedin D ® G = Ext(H,_,(X), Z) and thus the subgroup Ext(H,_,(X), Z)
can be characterized algebraically as the largest algebraically compact subgroup
of H. To show this we need some more results about reduced algebraically com-
pact groups.

For any abelian group G, the first Ulm subgroup of G is G = (\_, nG.
The first result we need is [3, Corollary 39.2, p. 163].
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2.6. THEOREM. If H is a reduced algebraically compact abelian group and
if G is a subgroup of H such that (H/G)' = 0, then both G and H/G are reduced
algebraically compact groups.

Now if G C H, then clearly G* C H'. Couple this with the fact that a re-
duced algebraically compact group H has H' = 0 and we have the following cor-
ollary.

2.7. COROLLARY. If h: H — G is a homomorphism between reduced alge-
braically compact abelian groups, then h(H) is a reduced algebraically compact
group as well.

If an abelian group H is torsion free, then its first Ulm subgroup H! is just
the maximal divisible subgroup of H. If H is 8, -free, then H! is clearly 0. Thus
if h : H— G is a homomorphism between abelian groups with H reduced algebra-
ically compact and G R, -free, then h(H)! = 0 and thus h(H) is a reduced alge-
braically compact group. However, the next result implies that A(H) is in fact
just 0, h(H) = 0.

2.8. THEOREM [3, COROLLARY 40.4, p. 169]. Every reduced algebraically
compact group # 0 contains a direct summand isomorphic to Jp or ZP x for some
prime p and some positive integer k where J, is the p-adic integers.

Theorem 2.8 implies that #(H) = 0 in the above discussion since h(H) must
be torsion free as a subgroup of G. We summarize.

2.9. COROLLARY. If h:H — G is a homomorphism between abelian
groups with H reduced algebraically compact and G ¥,-free, then h = 0.

2.10. COROLLARY. If h:H — G is a homomorphism between abelian
groups with H algebraically compact and G R, -free, then h = 0.

PrROOF. Let H=D @ A where D is the maximal divisible subgroup of H and
A is a reduced algebraically compact group. Now h(4) = 0 by Corollary 2.9. On
the other hand h(D) is a divisible subgroup of G and since G! = 0, h(D) = 0 also.
Thush=0. O

These results combine to give us the following additional theorem about the
algebraic structure of a group which is a singular cohomology group of some
space.

2.11. THEOREM. Let H be any group which is a singular cohomology
group HY(X) of a space X. Then H contains an algebraically compact subgroup
Ey; which contains all other algebraically compact subgroups of H. Furthermore,
HJEy is R,-free.

ProoF. If H = HY(X), then Ej; corresponds to Ext(H,_,(X), Z) in
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HY(X). By the Universal Coefficient Theorem H/Ey, is R, -free. All that remains
to be shown is that E; contains all the algebraically compact subgroups of H. Let
A be an algebraically compact subgroup of H. The image of 4 in H/E must be
zero by Corollary 2.10. Thus 4 is contained in E;. O

Theorem 2.11 tells us that if we are given a group H and told that it is a sing-
ular cohomology group H%(X) for some space X, then we can reconstruct the short
exact sequence given in the Universal Coefficient Theorem without knowing the
groups H, _, (X) or H,(X).

We quote one last theorem concerning reduced algebraically compact groups
which we will need in §4. An abelian group G which is pure torsion is bounded if
there is an integer n such that nx =0 forallx €G.

2.12. THEOREM [3, COROLLARY 40.3, p. 169] . If a reduced algebraically com-
pact group is torsion, then it is bounded.

3. Movable and n-movable spaces. Our main theorems in this section are the
following two theorems.

3.1. THEOREM. Let X be a movable space. Then for each n, il”(X) has a
subgroup E which is the union of all algebraically compact subgroups of H"(X)
and E has the property that H"(X)/E is an 8,-free group.

3.2. THEOREM. Let X be an n-movable space. Then for each 0 € k <n,
H¥(X) has a subgroup E which is the union of all the algebraically compact sub-
groups of H*(X) and E has the property that H*(X)/E is an R,-free group.

In case X is compact, these theorems have the following corollaries.

3.3. COROLLARY. Let X be a movable compact Hausdorff space. Then
for each n, H"(X)/Tor H™(X) is an ¥,-free group.

3.4. COROLLARY. Let X be an n-movable compact Hausdorff space. Then
for each 0 < k < n, H¥(X)/Tor H*(X) is an R,-free group.

Corollary 3.3 was first proved in [4]. Before proving these theorems and
their corollaries we will need to introduce some notation and state a result from
[9]. After we have stated and proved the above theorems and corollaries we
will include some additional related results in this section as well.

Let X be a topological space. If U is an open cover of X, then we let
N(U) denote the nerve of the cover. We will also let N(U) denote the geometric
realization of this nerve. Context will make it clear which of these objects is
being referred to. If V is an open cover which refines U, we let m,: N(//) —
N(U) denote the projection map. Of course, the projection map is unique up to
homotopy. For any open cover U of X, a continuous map f: X — N(U) is
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called a barycentric map provided f "l(St(vU)) C U for all U € U where vy, is
the vertex in N(Ul) associated with U. A cover U is said to be numerable if there
is a partition of unity subordinate to it. It is well known that an open cover U
admits a barycentric map f: X — N(U) if and only if it is a numerable cover.
We now state a result which is essentially in [9].

3.5. THEOREM. A topological space is movable if and only if for any nu-
merable cover U of X, there is a numerable open cover |/ refining U such that
for any numerable open cover W refining \/, there is a map \ = \Y¥ : N(V) —
N(W) such that My © N is homotopic to m, . A topological space is n-movable if
and only if for every numerable open cover U of X, there is a numerable open
cover |/ refining U such that for any numerable open cover ) refining / there is
a map \: N(V)™ — N(W) such that Ty © A is homotopic to myy IN(VY™,

This is essentially Theorem 4.3 of [9]. In Theorem 4.3 of [9] the space
X was assumed paracompact and the covers U, |/, and ( were simply arbitrary
open covers. However, in examining the proof of Theorem 4.3 of [9] one can
see that the assumption that X was paracompact was used only in guaranteeing
that the covers U, V, and (U were numerable. With this in mind the reader can
easily verify that the proof of Theorem 4.3 of [9] actually proves Theorem 3.5
above.

We are now ready to prove the main theorems and corollaries of this section.

PrOOF OF THEOREM 3.1. Let X be a topological space and let Cov(X) de-
note the collection of numerable covers of X. Let N(X) denote the inverse sys-
tem of nerves of numerable covers and homotopy classes of projection maps
NX) = {NU); H(myy); V < U € Cov(X)}. The n-dimensional Cech cohomology
based on numerable covers is the direct limit of the system of groups and homo-
morphisms

M NU)); 78y V < U € Cov(n)).

Because of the functoriality of the Universal Coefficient Theorem for singular co-
homology, there is associated with N(X) a direct system of short exact sequences
of abelian groups

{0 — Ext(H, _, (V(U)), 2) — H"(N(U)) — Hom (H,(V(U)), Z) — O}.

Now the direct limit of a direct system of exact sequences of abelian
groups is also an exact sequence. Thus if we let E be the direct limit of
{Ext(H,,_ ,(N(U)), Z)} and H denote the direct limit of {Hom(H,,(N(U)), Z)},
then we have a short exact sequence

0 — E— H"(X) — H— 0.

Now suppose that X is a movable space. Then we will show that (#) E is a union of
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algebraically compact groups and H is an R, -free abelian group. Assume (*) for
a moment and we will show that Theorem 3.1 follows from this. Identify E with
its image in 1;"(X). Then this will be the E in Theorem 3.1. Clearly f!”(X)/E
is W, -free since it is isomorphic to A which by (*) is ¥, -free. By (*) Eisa
union of algebraically compact groups. So, all that remains to be shown is that
ifAC Fl"(X) is an algebraically compact group, then A C E. However, the
image of 4 in lv{"(X)/E is zero by Corollary 2.10. Thus A C E. Thus Theorem
3.1 will follow once we have shown (*). We now prove (*) by a sequence of
claims.

CLAmM 1. The group E is a union of algebraically compact abelian groups.

ProOF OF CLAIM 1. The group E is the direct limit of the direct system
{Ext(H,,_,(N(U)), 2)}. To show that E is a union of algebraically compact
groups let us analyze the direct system more closely. Let E, = Ext (H,_,(V(L])), 2).
Let yUV: E, — E, be the induced homomorphism when V < U € Cov(X). Let
D, denote the maximum divisible subgroup of E,. Then for I/ < U € Cov(X),
4D, C D,. Let4 u denote the group E,/D,. Then the homomorphisms
yUVinduce homomorphisms of short exact sequences.

0— Dy — Ey — Ay —0

VoL

0—Dy—Ey— Ay— 0

If we let D denote the direct limit of the direct system {D} and 4 denote the
direct limit of the direct system {4 u}, then we have the following exact sequence:
0—D—E—A—0.

Clearly D is a divisible group, so the sequence splits and £ =D © A. We will now
use the movability of X to show that 4 is the union of reduced algebraically com-
pact groups. Then if 4 = U»,er A, with each 4, an algebraically compact
group, then £ = U,crD © 4,. But D @ 4, is the direct sum of two algebra-
ically compact groups and hence algebraically compact. So Claim 1 will follow
from Claim 2.

CLAaM 2. The group A is a union of reduced algebraically compact groups.

PRrOOF OF CLAIM 2. Let I/ < U € Cov(X) and let YUV: 4, — 4, be the
induced homomorphism. Now let U be a numerable open cover of X and let V
be a numerable open cover of X satisfying the conditions of Theorem 3.5 by the
movability of X. We now claim that for any numerable open cover ({/ refining
v, YW yuv (Au) is one-to-one. We will prove this as Claim 3. Claim 3 will
will then imply that if we let {y!: 4, — A} denote the injection maps making
A the direct limit of the direct system {4}, then ¥ U(A4) will be isomorphic to
7UY(A,)). However, according to €orollary 2.7, ¥ “V(Au) is a reduced algebraically
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compact group. Thus ¥ ”(Au) will be a reduced algebraically compact group as
well. Since 4 =U ccovixy¥ “(A,) this will prove Claim 2. So Claim 2 will
follow from Claim 3.

Cram 3. The homomorphism 7 V¥ |y W(4,):7VV(A,) — A4 is one-to-one.

ProoF OF CLAIM 3. Let a € YUY(4))) and let b € 4, with yUV(b) = a.
Let (V be any numerable open cover refining /. Suppose that ¥y V¥ (g) = 0. By
the choice of V, there is a continuous map A : N(V) — N(I) so that

H(myy) = H(myy) ° HQ).
Now A induces a homomorphism ¥ :Aw — A, so that
¥oyUw=25uv,
This implies that @ = YUV(d) = 5 o YU¥B) = 7 o 7" e W) = ¥ o7 W(a) =
(0) = 0. That is, for any nunmierable open cover [ refining |/, the kernel of
yWyYv4 y) is zero and thus Claim 3 is proved. We have now completely proved
Claim 2 and Claim 1.

To complete the proof of Theorem 3.1 we need to prove the latter part of
the statement (*). This we will prove as Claim 4.

CLAM 4. The group H is R, free.

PRroOF OF CLAIM 4. To prove Claim 4 we first note that since H is the
direct limit of torsion free groups, H must be torsion free. This allows us to
apply Pontryagin’s criterion of R, -freeness [3, Theorem 19.1, p. 93] to say that
H is 8, free if and only if every subgroup of H of finite rank is free. So let
G C H be a subgroup of finite rank. Then Claim 4 will follow from Claim 5.

CLAM 5. The group G is free.

ProoF oF CLAIM 5. Since the group G is of finite rank, it is countable.
Thus if G is R, -free, then it is free. We will show that G is free by showing that
G is a subgroup of an N, -free subgroup of H. To show this let {g;, . . . s 8m}
be a maximal linearly independent set of elements in G. Let

H, = Hom(#H,N(U)), 2)

for each U € Cov(X) and let hUV: H,; — H, denote the homomorphisms in-
duced by the projection maps m,, . Let Y : H — H denote the injection homo-
morphisms making H the direct limit of the direct system {H;}. Now let U €
Cov(X) be such that hU(H ) D {g,, ..., &,}. Thenlet U be a numerable open
cover refining U given by Theorem 3.5 by the movability of X. Then Claim §
will follow from the following two claims. First of all, #(H}) contains the
group G. Secondly, the group hV(H,))is R, -free. These will be proved as Claim
6 and Claim 7.

CLAIM 6. The group G is contained in hY(H,).

PRrROOF OF CLAIM 6. Every element of G is a root of some linear combina-
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tion with integer coefficients of the elements g,,...,g,. Thus it will be
sufficient to show that hY(H,) contains all the roots of hY(H,) in H. That
is, if kgEhu(Hu) for some positive integer k and g € H, then we need to
show that g € hV(H,)). So, suppose that kg € hYH u). Then kg = hU(a)
for some a € H;. Now let (/ € Cov(X) refine V/ such that, for some b € H,
hY(b) = g Now h¥(kb) = kg = hU(a). Thus there is a ¥ € Cov(X) such that

Y refines (W and A% (kb) = hUY(z). Now let A: N(Y) — N(V) be the continu-
ous map given in Theorem 3.5 such that =, is homotopic to Tyy® A Leth:
H,— Hv denote the homomorphism induced by A. Then let ¢ € H, be defined
by ¢ = ho h¥Y(b). Then ke = kh o h¥Y(b) = h o hWY(kb) = h o hUY(a) = hUY(a).
This implies that khV(c) = hU(a) = kg. That is, h¥(c) is a kth root of kg. But
since H is torsion free, kth roots are unique. Therefore hY(c) =gand g € hV(Hv).
Therefore G C hV(Hv) and Claim 6 is proved.

Cram 7. The group hV(H,) C H is 8, -free.

PROOF OF CLAIM 7. Let (! € Cov(X) be the refinement of U/ satisfying the
conditions of Theorem 3.5 by the movability of X (considering V/ as the U in
that theorem and (V satisfying the conditions that |/ does in Theorem 3.5). Then
as in the Proof of Claim 3, for any Y refining (W, the homomorphism
hYY |hYY(H,) is one-to-one. Thus k¥ |hV¥(H,) is also one-to-one. Therefore
hV(Hv) is isomorphic to a subgroup of H,. Since Hw is N, -free, this implies that
h"(Hv) is also R, -free and Claim 7 is proved. Claim 6 and Claim 7 complete the
proof of Claim 5. The Proof of Theorem 3.1 is complete. O

We now proceed to the Proof of Theorem 3.2.

PrROOF OF THEOREM 3.2. We need to consider two cases in the proof.
First we indicate the proof for H k(X) for k <n - 1. A separate argument is
needed for the case that k = n.

Case 1. k <n—1. This case follows from the Proof of Theorem 3.1. To
adapt the Proof of Theorem 3.1 to this case one needs to observe that for every
U € Cov(X), H (N(U)™) =H (N(UY), H,_,(VU)™) = H,_,(N(U)), and
H¥(NV(U)) = H*(N(U)"™) with the isomorphisms induced by the inclusion map
N(U)™ C N(U). Then one uses the \’s given in Theorem 3.5 given by X n-mov-
able to induce the required homomorphisms rather than the A’s given by Theorem
3.5 for X movable in the Proof of Theorem 3.1. We leave it to the reader to
carry out the details.

Case II. k =n. In this case a little more must be said although some parts
of the Proof of Theorem 3.1 can be adapted to shorten the proof in this case as
well. As in the Proof of Theorem 3.1 we consider the direct system of short
exact sequences of abelian groups:

{0 — Ext(H,_,(N(U)), 2) — H"(N(U)) — Hom(H,(V(U)), Z) — O}.



160 JAMES KEESLING

Let E be the direct limit of the direct system {Ext(H,_,(V(U)), Z)} and H be
the direct limit of the direct system {Hom(H,,(NV(U)), Z)} as in the Proof of
Theorem 3.1. Then we have an exact sequence

0— E— H"(X) = H—0.
As in the Proof of Theorem 3.1 we will show that E is a union of algebraically
compact groups and that H is N, -free. Once this is shown it will follow that
every algebraically compact subgroup of H "(X) will be contained in E and the
proof will be complete in this case as well.

CLAIM 1. The group E is a union of algebraically compact subgroups.

Proor oF CLAM 1. This follows by adapting the Proof of Theorem 3.1
as indicated in Case I. We leave it to the reader to carry out the details.

CLAm 2. The group H is N, -free.

PROOF OF CLAIM 2. As in the Proof of Theorem 3.1 we show that H is
R, -free by showing that each subgroup of finite rank is free. However, our
method of proof of this fact in this case is different from the one in the proof of
Theorem 3.1.

The Proof of Claim 2 will be by contradiction. Suppose that H is not &, -
free. Let G be a subgroup of H which has finite rank m and which is not free.
Let {g,, .. .,&,} C G be a maximal linearly independent set of elements in G.
Let H,, = Hom(H,,(N(U)), Z) for each U € Cov(X) and let {h": H, — H} be
the collection of homomorphisms making H the direct limit of {Hu}. Denote the
bonding homomorphisms by A4V :Hy, — H, for V < U € Cov(X). Now let
U € Cov(X) so that {g,,..., 8,1} C h“(Hu). Then let V € Cov(X) be a refine-
ment of U which satisfies the conditions of Theorem 3.5 by the n-movability of
X. Let h; €H be such that h!!(h) = g;. Then {hy, ..., h,} is a linearly in-
dependent set of elements in H,. Note that the homomorphism H"(N(V)("))
— H,(N(V)) induced by the inclusion N(V)™®) C N(V) is onto. Thus the in-
duced homomorphism

Hy <> Hom (H,(N(V)™), Z)

must be one-to-one. Now let f; = e(hUn)) fori=1,...,m Then {f},..., [}
is a linearly independent set of elements in Hom(Hn(N(V)(")), Z). Nowlet W €
Cov(X) refine V and let p ,: H, — Hom(NM(V)®), Z) be the homomorphism
induced by the A given by the n-movability of X in Theorem 3.5. Then, for each
such (, P, ° hUW=¢o BUY. Now we are ready to show the contradiction in
assuming that H is not ¥, -free. Since {g,,...,8,}is linearly independent in
G C H, one can define a unique homomorphism p from the subgroup of G gen-
erated by {g,, ..., g,} into Hom(H,,(N(V)(")), Z) by p(g;)) = f;- Again, using
the linear independence of {g;, . . . , §,,} one can extend the homomorphism p
to a maximal subgroup G, of G. We call the extended homomorphism p also.
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Since {f}, . . ., f,,} is linearly independent, the image of Gp in
Hom(H,(N(V)™), 2)

will be isomorphic to G,. Therefore G, is isomorphic to a subgroup of

Hom(H,,(N(V )™y, Z) of finite rank and thus G, is a free abelian group since

Hom(H,(N(V )), Z) is N, free. We will obtam our contradiction by showing

that G, = G.

CLamM 3. The group G, is all of G.

PROOF OF CLAIM 3. Let g € G and with g ¢ G,. Then for some positive
integer k, kg is in the group generated by {g,, . . ., 8,,}. Furthermore, p(kg)
cannot have a kth root a in Hom(H,(N(V )™), Z) or the homomorphism p could
be extended to the group generated by G, U {g} by sending g to a. This would
contradict the maximality of G,. Let (0 E Cov(X) be a refinement of V such
that g € hY(H, ) and let h"’(b) =g. Then h¥(kb) = kg and thus A% (kb) = hU(c)
for some ¢ in the group generated by {h,, ..., h,} in H,. This implies that
there is a Y € Cov(X) refining ( such that h“’V(kb) h¥¥(c). Then p, (h"Y(b))
is a kth root of e!Y(c) in Hom(H,(N(V)™), Z). This is because kpy(h“’V(b)) =
py(YY (kb)) = p,(h"(c)) = eh"V(c). This contradicts the fact that p(kg) =

ehUW(c) did not contam a kth root in Hom(H,(N(V)(™), Z). This contradiction
shows that G, = G. Claim 3 shows that G is a free group, which is a contradic-
tion. This contradiction shows that H must be ¥, -free. The proof that H is

N, -free completes the Proof of Theorem 3.2 in Case II and we are finished with
the Proof of Theorem 3.2. O

We will now indicate the proofs of Corollaries 3.3 and 3 4.

PROOF OF COROLLARY 3.3. In the Proof of Theorem 3.1, one need not
use the complete collection of numerable covers of X, Cov(X), but only a cofinal
collection of those covers. If X is compact, then one simply uses Cov/(X), the
finite numerable covers of X and observes that Cov/(X) is cofinal in Cov(X) for
X compact and thus A"(X) is the direct limit of {H"(N(U)); mpV<UE
Cov/(X)}. However, in this case N(U) is a finite polyhedron for all U € Cov/(X).
Thus when one considers the direct system of short exact sequences

{0 — Ext(H,_,(V(U)), 2) — H"(V(U)) — Hom(H,(N(U)), Z) — 0}

with U € Cov/(X), then all the groups are finitely generated and Ext H,_,vU), 2)
corresponds to the torsion part of H"(N(U)) and Hom(H,(N(U)), Z) corresponds
to H™(N(U))/Tor H*(N(U)). Consequently, in the Proof of Theorem 3.1, the
direct limit exact sequence

0—E—H"X)—H—0
corresponds to

0 — TorH™(X) — H"(X) — H™(X)/Tor H"(X) — 0.
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Thus for X compact and movable, the group E in Theorem 3.1 is not only a union
of algebraically compact groups, but in fact a union of finite groups and is just
the torsion part of H"(X) The group H will be R, -free for X movable and con-
sequently we have shown that H"(X)/Tor H"(X) is R, -free. This proves Corol-
lary 3.3. O

The Proof of Corollary 3.4 proceeds in a similar fashion to the Proof of
Corollary 3.3. We now state some further corollaries.

3.6. COROLLARY . Let X be a movable compact Hausdorff space. Then
if H"(X) is torsion free for some n, then H"(X) is R ,-free for that n.

3.7. COROLLARY. Let X be an n-movable compact Hausdorff space. Then
if 0 < k <n and H*(X) is torsion free, then H "(X) is an R, -free group for that k.

3.8. COROLLARY. Let X be an arbitrary movable space. Then if H "(X)
is torsion free and does not contain a copy of the p-adic integers J for some
prime p, then an (X) has the form D ® A where D is a vector space over the ra-
tionals and A is ¥, -free.

PrROOF. From Theorem 3.1 we can assume that / "(X) contains a subgroup
E which is the union of all the algebraically compact subgroups of ﬁ"(X) with
l:[”(X)/E an R, free group. We will now show that E is in fact divisible. Since
E is torsion free this will make E a vector space over the rationals. Also, once
we have shown E to be divisible, then it will be a factor of H"(X) so that

A"(X) ~E ® H"(X)/E.
Letting D = E and 4 = H"(X)/E, the corollary will then follow.

CLAIM. E is divisible.

PROOF OF CLAIM. Let x € E and let k be a positive integer. We will show
that x has a kth root in E. Let B be an algebraically compact subgroup of E with
x €B. Let B= B, © B, where B, is the divisible subgroup of B and B, is a re-
duced algebraically compact group. According to Theorem 2.8 if B, # 0, then
B, contains a copy of J, or me for some prime p. In either case this would
contradict our hypotheses in Corollary 3.8. Thus B, = 0 and B = B, is divisible.
Thus x has a kth root in B and hence a kth root in E. Thus E is divisible and
the claim is proved. This completes the proof of Corollary 3.8. O

3.9. COROLLARY. Let X be an arbitrary n-movable space. Then if 0 <k
<nand H* (X) is torsion free and does not contain a copy of the p-adic integers
Jp for some prime p, then H k(X) has the form H kX)~D® AwhereDisa
vector space over the rationals and A is R -free.

3.10. ExXAMPLE. Let 4 be a subgroup of the rationals which is not isomor-
phic to Z or to all of the rationals. Then A is torsion free and the divisible sub-
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group of 4 is 0. Clearly A4 is not R, -free since it is countable and not free. Also,
A cannot contain a copy of Jp smce the cardinality of Jp is 280, Thus 4 cannot
be the Cech cohomology group H k(X) of any movable space X or n-movable
space with k € n by Corollary 3.8 and Corollary 3.9. On the other hand 4 can
be the Cech cohomology group of a space. Let I, = char4 be the solenoid
whose character group is 4 and let X = Z""IEa be the (k — 1)-fold suspension
of Z,. Then 1'1"(/\’) = A. In [8] Kozlowski and Segal state that "X is n-mov-
able. It cannot be (n + 1)-movable by the above remarks.

4. Paracompacta that are LC"—1, Let X be an arbitrary paracompactum.
Then Kozlowski and Segal [9] have shown that if X is LC"~!, then X is n-mov-
able. They actually prove a stronger result, but it would not suit the purpose of
this paper to state their stronger result here. As a result of [9] we can state the
following immediate theorems from the results of the previous section.

4.1. THEOREM. Let X be an LC"~! paracompactum. Then for 0 <k <n,
H¥*(X) has a subgroup E which is the union of all the algebraically compact sub-
groups of H*(X) and E has the property that H*(X)|E is an N ,-free group.

42. THEOREM. Let X be an LC*~! Hausdorff compactum. Then for
0 <k <n, H*(X)/Tor H¥(X) is an R,-free group.

It is the purpose of this section to show that Theorems 4.1 and 4.2 can be
improved for 0 < k <n — 1. We then give examples of spaces that are n-movable,
but not shape equivalent to any LC"~! paracompactum,

We now state the improved versions of Theorems 4.1 and 4.2 for 0 <k
<n-1.

4.3. THEOREM. Let X be an LC" ! paracompactum. Then for 0 <k <
n-1, H k(X) has a subgroup E which is algebraically compact and contains
every algebraically compact subgroup of ﬁk(X). Furthermore, H*(X)/E is an
N, -free group.

44, THEOREM. Let X be a compact Hausdorff space which is LC"~ 1
Then for0<k<n-1, i k(X) is a finitely generated abelian group.

The proof of these theorems is simply that under these circumstances,
fl"(X) = H*(X) for 0 < k <n — 1. We state here the necessary prerequisite re-
sult and then proceed to the proofs of these theorems.

4.5. DEFINITION. A space X is said to be homologically locally connected
in dimension n, 1c", if for every x € X and nexghborhood U of x, there is a nelgh
borhood ¥ of x in U such that H «N— H ) is trivial for ¢ < n where H X
is reduced singular homology with integer coefﬁcxents

The main theorem we need is the following [16, Corollary 5, p. 340] .
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4.6. THEOREM. If X is a paracompact space which is 1c", then 1}"(){) =
H¥X)for0<k<n.

ProOOF OF THEOREM 4.3. We will show that if X is LC®~!, then X is
1"~ 1. It will then follow from Theorem 4.6 that for 0 < k <n — 1, H*(X) =
H¥(X). Thus by Theorem 2.11, E{"(X) will have the required structure for 0 <
k<n-1. So we need only prove the claim to be finished. The claim seems to
be known (see [17] for the locally compact case). We include a proof for com-
pleteness.

CLAM. If X is LC*~1, then X is homologically locally connected in dimen-
sionn — 1.

PRrOOF OF CLAIM. Let S(X) denote the singular semisimplicial complex of
X and |S(X)| the geometric realization of S(X) as a CW complex (see [10, Chap-
ter II]). Let j, : |S(X)| — X be the natural map [10, Proposition 4.11]. Ac-
cording to Theorem 6.7 of [10, p. 102], j, : IS(X)] — X induces isomorphisms
of homotopy groups in all dimensions. If X is a path-connected space, then j, :
IS(X)| — X also induces isomorphisms between all singular homology groups as
well by [16, Theorem 9, p. 399]. Now we will show that LC*~1 implies Ic”~!.
Let x € X and let U be an arbitrary open neighborhood of x in X. Since X is
LC® we may assume that U is arcwise connected. Then let

U=U,DU,_;D+*DU,3x
such that each Uj is open and arcwise connected and such that for each 0 <i <
n — 1 each map f:§ — U, extends to a map F:B*! — U, | as in the defi-
nition of locally i-connected. Then one can easily show that if P is any polyhedron
with dimP <n — 1, and if f: P — U,,, then f is null-homotopic in U,. Now
consider the diagram

IS(e)!
s E 15wy
iuol lf,,
e
which commutes up to homotopy. Then the diagram
|S(Uo)|(n—1)M IS(U)I(”‘1)
on jU
Ug—™ U

also commutes up to homotopy where lS(Uo)l("'l) and |S(U)|*~1) are the
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(n — 1)-skeleta of the respective CW complexes. Now the inclusion maps i of
IS(Up) 1"~ into |S(Up)| and |S(V) I~ 1) into |S(U)| induce isomorphisms of
the singular homology groups up to dimension #n — 2 and epimorphisms in dimen-
sion 7~ 1. Thus we have

IS(UO)I(”“) 'ﬁ(e_)l, IS(U)I("‘”

il IS@I. /i

ISWe)I —= IS()I

onJ [ jU

Uo___e___)U

and for 0 < k <n -2, we have

H, (15U ™) 2% B, (1S 1=D)
iy === l ==
1S(e)l#

Hk(IS(Uo)l) —_— Hk(|S(U)l)

(iUo)* == l /(fu)* ==

H,(Uy) s, H(U)

However, e o j; o i is null-homotopic in U. Thus (e Tu, of)s: Hk(lS(Uo)l(”"’))—>
Hk(U) must be the zero homomorphxsm for 0 <k <n-1. From the above dia-
gram this 1mphes that ey : H «WUo) —H k(U) is the zero homomorphism for 0 <
k <n -2, For the case that k = n — 1, one uses the above diagram except that
the ix’s are only epimorphisms. One comes to the same conclusion that ey :
H k(UO) —H k(U) is the zero homomorphism. We have now shown that X is
1c" ! as asserted. The claim is now proved and the Proof of Theorem 4.3 is
complete. O

PROOF OF THEOREM 4.4. Let X be a compact Hausdorff space which is
LC"~!. Then according to the Proof of Theorem 4.3, H*(X) = H*(X) for 0 <
k <n-1. Also by the Proof of Theorem 4.3, X is Ic" 1. According to Theo-
rem 11 on p. 342 of [16], this implies that H,(X) is finitely generated for 0 <k
<n - 1. By the Universal Coefficient Theorem for singular cohomology, H*(X)
is finitely generated for 0 <k <n — 1 also. Thus fl"(X) is finitely generated for
0 <k <n -1 and the proof is complete. O

4.7. EXAMPLE. Let X be an LC"~! Hausdorff compactum. Theorem 4.4
states that &/ k(X) is finitely generated for all 0 <k <n — 1. Theorem 4.2 states
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that fl"(X) cannot be arbitrary although it does not state that H "(X) must be
finitely generated. Let Sy, be the n-sphere for all t €4 and let X =11 , S5 . Then
clearly X is an LC?~! Hausdorff continuum whatever the cardinality of the set A.
However, H"(X) ~ @D,c 4 Z, where each Z, is a copy of the group of integers.
This is a free group which agrees with the structure required for this group by
Theorem 4.2. However, ]?”(X) may have arbitrarily large cardinality by choosing
the set A to have appropriately large cardinality. Thus one cannot extend Theo-
rem 4.4 to the case k = n.

4.8. ExAMPLE. Theorems 4.3 and 4.4 allow us to give examples of n-mov-
able spaces which are not shape equivalent to any LC?~! space. Let X = T“0,
the countable infinite product of circles. Then X is movable, hence n-movable
for every n. Now if X were shape equivalent to some compact space which is
LC!, then H(X) would be finitely generated which it is not. Thus X cannot be
shape equivalent to any compact space which is LC!.

49. EXAMPLE. Let P, be a finite connected polyhedron with Hz(P,) =2,
Let X, be the wedge of the Ps fori=1,...,n Letf,,, :X, — X, be the
map which collapses the extraP’s ((=n+1,..., m) to the wedge point in
X,,. Let X be the inverse limit of{ fnm, n < m € N}. Then X is clearly a
movable metric continuum. However, HZ(X) @,:1 Z,. If X were shape equiv-
alent to any paracompactum Y which is LC?, then H2(X) would contain a sub-
group E which i is algebraically compact such that i 2(X)/E is N, -free by Theorem
4.3. However, g 2(X) is pure torsion. Thus £ would have to be all of H 2(X).
That is, @,h 1 Z; would have to be an algebraically compact group. Now the
divisible subgroup of @y, Z; is just zero. Thus @3, Z; would have to be a
reduced algebraically compact group which is pure torsion. However, a reduced
algebraically compact group which is pure torsion is bounded by Theorem 2.12.
The group @j, Z; is clearly not bounded, a contradiction. Thus X cannot be
shape equivalent to any space which is LC2.

The reader can easily create more examples along the lines of Examples 4.7
and 4.8 using Theorems 4.3 and 4.4.

4.10. ExampLE. If X is a compact Hausdorff space which is Lc*-1,
then Theorem 4.4 says that H k(X) is finitely generated for all 0 <k <n - 1.
From the Proof of Theorem 4.4 it is clear that X also has the property that
H,(X) is finitely generated for 0 <k <n — 1. However, m,(X) and 7 x(X) need
not be finitely generated for 0 <k <n — 1 even for X a polyhedron. For ex-
ample, let X be the wedge of S* and S* with k > 2. Then X is LC" for all n.
However, m,(X) = m,(X) =@y, Z is not finitely generated. The structure of
m,(X) and m,(X) may be even more complicated as the following example illus-
trates. Let f:S* —> S* be a degree 2 map with k > 2. Then let T, be the map-
ping torus of f formed by identifying the top and bottom of the mapping cylin-
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der M, of f by the map f. This can be done so that T} is a finite polyhedron and
thus LC" for all n. Now m,(Ty) = Z and the covering space T of T is homeo-
morphic to an mfmxte number of M’s pasted end to end by the map f. One can
easﬂy verify that 1rk(7}) 0@ = {m/2" m, n € Z}. Thus m(Ty) = m,(Tp) =
1rk(Tf) is a subgroup of the rationals which is neither finitely generated nor free
nor isomorphic to the rationals.
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